Abstract. The Center for Orbit Determination in Europe (CODE) has been involved in the processing of combined GPS/GLONASS data during the International GLONASS Experiment (IGEX) . The resulting precise orbits were analyzed using the program SORBDT. Introducing one satellite's positions as pseudo-observations, the program is capable of fitting orbital arcs through these positions using an orbit improvement procedure based on the numerical integration of the satellite's orbit and its partial derivative with respect to the orbit parameters. For this study, the program was enhanced to estimate selected parameters of the Earth's gravity field. The orbital periods of the GPS satellites are -in contrast to those of the GLON-ASS satellites -2 : 1 commensurable (P Sid : P GPS ) with the rotation period of the Earth. Therefore, resonance effects of the satellite motion with terms of the geopotential occur and they influence the estimation of these parameters. A sensitivity study of the GPS and GLON-ASS orbits with respect to the geopotential coefficients reveals that the correlations between different geopotential coefficients and the correlations of geopotential coefficients with other orbit parameters, in particular with solar radiation pressure parameters, are the crucial issues in this context. The estimation of the resonant geopotential terms is, in the case of GPS, hindered by correlations with the simultaneously estimated radiation pressure parameters. In the GLONASS case, arc lengths of several days allow the decorrelation of the two parameter types. The formal errors of the estimates based on the GLONASS orbits are a factor of 5 to 10 smaller for all resonant terms.
Keywords: Global positioning system -GLONASS -Orbit determination -Resonant geopotential coefficients 1 Introduction CODE, the Center for Orbit Determination in Europe, is a cooperation between the Astronomical Institute of the University of Berne (AIUB), Berne (Switzerland), the Swiss Federal Office of Topography (swisstopo), Wabern (Switzerland), the Federal Agency for Cartography and Geodesy (BKG), Frankfurt (Germany), and the Institut Ge´ographique National (IGN), Paris (France). Since the commencement of the International GPS Service (IGS) in June 1992, CODE has been one of the eight IGS Analysis Centers, and processes GPS observations of a global network on a daily basis Hugentobler et al. 2002) .
The Bernese GPS Software was enhanced to process GLONASS data (Habrich 1999; Hugentobler et al. 2001) and CODE participated as one of several analysis centers in the International GLONASS Experiment (IGEX) which started in October 1998. Information about the organization, the goals, and the results obtained from the IGEX campaign may be found in, for example, Ineichen et al. (1999 , and Willis et al. (1999) . CODE was involved in the processing of combined GPS and GLONASS data and the computation of precise GLONASS orbits.
Unfortunately, the GLONASS system is far from complete and the number of active satellites decreased from 15 in June 1999, to 7 in May 2002. Due to this development, CODE decided to suspend the computation of precise GLONASS orbits and postponed the proposed merging of the IGS and the IGEX routine processing procedures . Instead, emphasis was put on the analysis of the GLONASS orbits generated during the official IGEX campaign. In addition, there are ongoing studies and developments at CODE in the field of satellite orbit modeling for low Earth orbiters (LEOs) (see Bock et al. 2003) . The program SORBDT may be used for both LEO processing and estimation of parameters of the Earth's gravity field using GPS and GLONASS ephemerides. This paper is a continuation of previous studies performed at CODE in the field of orbit modeling and geopotential parameter estimation. Beutler et al. (1994) performed estimates of resonant low-order terms of the Earth's gravity field using GPS data. Hugentobler (1998) and Hugentobler et al. (1999) estimated the terms S 22 and C 22 using astrometric observations of geostationary satellites, as well as comparing the drift rates observed for the semi-major axis of GPS satellites with the values expected from theory.
Here, the sensitivity of the GPS and the GLONASS orbits with respect to a few selected parameters of the Earth's gravity field is analyzed. It was expected that, in particular, the GPS orbits would be well suited for deriving estimates for resonant geopotential parameters. The inclusion of GLONASS ephemerides permits the study of the impact of the orbital characteristics of GPS and GLONASS on the determination of resonance parameters. Differences in behavior were expected due to the differences in the orbital periods (the GLONASS satellites are not in deep 2:1 resonance with the Earth's rotation), differences in the inclination angles of the orbital planes (55.0 degrees for GPS, compared to 64.8 degrees for GLONASS), and differences in the behavior of GPS and GLONASS satellites regarding the Y-bias (no significant Y-bias is observed for the GLONASS satellites; see Ineichen et al. 2001) .
The influence of the inclination angle and revolution period on the ground tracks of a GPS and a GLONASS satellite is illustrated in Fig. 1 . Whereas the GPS satellites have revolution periods of half a sidereal day, the GLONASS satellites have revolution periods of 8/17 of a sidereal day. This implies that the GPS satellites are at the same position with respect to an Earth-fixed reference system after 1 sidereal day (two orbital revolutions). The GLONASS satellites, however, perform 2 1 8 revolutions in 1 sidereal day and do not appear at the same position after 1 sidereal day. They repeat their ground tracks only after 8 days. Therefore, GLONASS satellite orbits do not exhibit a deep resonance behavior.
Resonance
Lagrange's planetary equation for perturbations in the semi-major axis due to the geopotential is (Kaula 1966 
where a, n, X, x, and M denote the semi-major axis, mean motion, right ascension of the ascending node, argument of perigee, and mean anomaly of the satellite.
H is the sidereal time, a e the equatorial radius of the Earth, J lm the geopotential coefficient of degree l and order m, and k lm the corresponding reference longitude. F lmp and G lmq represent the so-called inclination function and eccentricity function, respectively. The index p runs from zero to degree l and the index q from minus to plus infinity. Resonant perturbation occurs if the argument W lmpq of the trigonometric function is time independent. This condition may be met for certain combinations of the indices l, m, p, and q for satellite revolution periods commensurable with the Earth's rotation (Klokocnik 1983) . For GPS with a mean motion which is twice the sidereal rate, n ¼ _ M M ' 2 _ H H, the condition for resonance is:
The resulting perturbations are periodic with periods of several years, and are the primary reason for most of the maneuvers of the GPS satellites. Table 1 summarizes the most important resonant parameters causing significant drift rates for the semimajor axis of the GPS satellite orbits. The most important resonant term is J 32 (maximum drift rate in a of 6.0 m/day), followed by J 44 (1.5 m/day), and J 22 (0.6 and 0.4 m/day). In the case of GLONASS orbits, these parameters do not cause a constant drift in the semimajor axis a, but perturbations with periods of between 2 and 8 days. The periods and amplitudes are included in Table 1 .
Approach
For the assessment of the sensitivity of the GPS and the GLONASS orbits with respect to the geopotential coefficients, precise orbit positions (Cartesian coordinates each 15 minutes) were introduced as pseudoobservations in the program SORBDT. The input files were generated on the one hand within CODE's IGS routine processing procedure for the GPS satellites, and on the other hand by CODE's IGEX routine processing for the GLONASS satellites.
For the GPS orbits, five radiation pressure parameters of the Extended CODE Orbit Model were estimated and stochastic parameters were set up every 12 hours (Beutler et al. 1994; Springer et al. 1999) . The Earth's gravity field was represented by the JGM-3 model (Tapley et al. 1996) and assumed known, and the solid Earth tides and the ocean tides were taken into account. The gravitational attractions of the Sun and Moon were included. Tropospheric influences were accounted for by estimating 2-hourly tropospheric parameters, and the effects of the ionosphere were eliminated by using the ionosphere-free L 3 linear combination. Satellite clock errors and station clock errors were eliminated by forming double-differenced observations.
For the generation of the GLONASS orbits, CODE's precise GPS orbits and Earth orientation parameters were kept fixed and the solutions were aligned to the ITRF 97 . In contrast to the procedure for the GPS orbits, in this case all nine radiation pressure parameters of the Extended CODE Orbit Model were set up. The final solution for 1 day corresponds to the middle day of a 5-day arc. Long arc fits, comparisons with the precise orbits of other analysis centers, and validation of the orbits with SLR measurements indicated that the orbits are on a 10-20 cm accuracy level. Therefore, they are about four times more inaccurate than the GPS orbits, due mainly to the lower number of sites tracking GLONASS data. More details concerning the generation of the precise GLONASS orbits may be found in Ineichen et al. (1999) .
The results for the geopotential parameters and their variance/covariance information presented here were determined as follows. Through the above mentioned orbits, 1-day or several-day arcs were generated using the positions of the satellites as pseudo-observations. The following parameters were solved for in the orbit determination procedure.
1. Six osculating elements (semi-major axis a, numerical eccentricity e, inclination of the orbital plane i, right ascension of the ascending node X, argument of perigee x, and argument of latitude u 0 referring to the initial epoch t 0 ). 2. All nine radiation pressure parameters of the Extended CODE Orbit Model: three constant terms in the direction from the satellite to the Sun (D 0 ), the spacecraft's solar panel axis (Y 0 ), and the third direction completing a Cartesian right-handed system (X 0 ), plus six periodic terms, cosine and sine terms in each of these directions. 3. A subset of the geopotential coefficients.
The orbit determination is carried out satellite by satellite in the program SORBDT, and for each satellite the above-mentioned parameters are solved for. After the loop over all satellites, three different values for the estimated potential parameters are derived: one for all GPS satellites, one for all GLONASS satellites, and one using all GPS and GLONASS satellites. In addition, the program SORBDT is able to save these combined values together with the variance/covariance information in reduced normal equation files, where all other parameter types are pre-eliminated. An additional program was developed which allows for the stacking of several solutions based on the principles of manipulating and stacking normal equation systems (Brockmann 1996) .
It might be argued that the geopotential parameters estimated by this approach would be the same as the values of the JGM-3 a priori gravity model used for the generation of the input orbits. This is actually true for 1day orbits. In the case of longer orbital arcs, however, it is possible to obtain estimates of the geopotential parameters which are in essence independent of the a priori gravity model (see Sect. 5.1).
Variance/covariance analysis
In this section we analyze the variance/covariance information of the geopotential parameters estimated according to the method described in Sect. 3. In particular, we study the behavior of a resonant term in contrast to a non-resonant term, on the one hand estimated using GPS orbits and on the other hand estimated using GLONASS orbits. We also show the resulting correlations between the radiation pressure parameters and the estimated geopotential parameters in the case of a GPS satellite and in the case of a GLONASS satellite.
Formal accuracy of S 32 and S 33
Let us start with the formal accuracy of the estimated geopotential parameters. We compare the results from a 1-day arc (day 121, 2000) with the results from a 7-day arc (days 121-127, 2000) . Figure 2 shows the results for the most important resonant sine term (S 32 ) and a nonresonant sine term (S 33 ). The formal errors are based on the assumption that the input orbits have a mean error of 3 cm (which is appropriate for the GPS orbits, but somewhat optimistic for the GLONASS orbits).
For the 1-day arcs, the formal errors of the parameters derived by GPS orbits are comparable to those derived by GLONASS: 5 Á 10 À9 to 16 Á 10 À9 for the S 32 term and 1 Á 10 À9 to 4 Á 10 À9 for the S 33 term.
When these values are compared with the results stemming from a 7-day arc, we note that in the case of the resonant term (S 32 ), the formal errors for the parameters derived using GPS satellites are completely different to those derived using GLONASS satellites. The GPS-derived errors are of the order of 5 Á 10 À9 , whereas the GLONASS-derived estimates have errors which are all below 0:2 Á 10 À9 . This is a surprising result, as we would expect the GPS satellites to be particularly sensitive to the resonant parameters. In the case of the non-resonant sine term (S 33 ), the formal errors are below 0:2 Á 10 À9 for all satellites and are about the same for the GPS-derived and the GLON-ASS-derived values. Figure 2 shows also the formal errors of the geopotential parameters derived by a 7-day arc if no radiation pressure parameters are estimated. In fact, the formal errors of the resonant parameter (S 32 ) decrease to 0:1 Á 10 À9 for all GPS satellites and are now comparable to the values derived by GLONASS satellites. This is a clear indication that the correlation of the gravity field parameters with the radiation pressure parameters dis-turbs the estimation of the resonant parameter J 32 , in particular when using GPS orbits.
The so-called Y-bias, i.e. the acceleration along the solar panels, is responsible for a perturbation containing a component with an annual period. The Y-bias thus generates a drift in the semi-major axis which is almost constant over weeks and has a similar effect to a resonant geopotential parameter. The two effects are therefore hardly separable when using only GPS orbits. Hugentobler (1998) has shown that the Y-bias induces a drift rate on the semi-major axis of up to almost 20% of the effect stemming from the resonant geopotential parameters. The GLONASS satellites are, in contrast to the GPS satellites, not in deep 2:1 resonance with the Earth's rotation. As a consequence, the resonant parameters induce perturbations with periods of only 2 to 8 days. Therefore, the influences of the radiation pressure parameters and the resonant geopotential parameters can be separated much better when analyzing orbital arcs of several days. GLONASS orbits are therefore much better suited for the estimation of resonant geopotential parameters than are GPS orbits.
Correlation information
The correlation of the estimated geopotential parameters with the radiation pressure parameters is one of the Fig. 2 . A priori RMS of the estimated parameters. Sine term of degree 3 and order 2 (left, resonant term) and sine term of degree 3 and order 3 (right, non-resonant term). One-day solution estimating radiation pressure parameters (top), 7-day solution estimating radiation pressure parameters (middle), and 7-day solution without estimating any radiation pressure parameters (bottom) crucial issues. Therefore, correlation matrices provide valuable information on the correlations between the estimated parameters. In the parameter estimation process six orbital elements (a, e, i, X, x, and u 0 ), nine radiation pressure parameters (D 0 , Y 0 , X 0 , D C , D S , Y C , Y S , X C , and X S ), and all geopotential parameters simultaneously up to degree and order 6 (C 20 , S 21 , C 21 , S 22 , C 22 , . . .) are set up.
The correlation coefficient q of two estimated parameters x and y is defined as
where covðx; yÞ is the covariance of parameters x and y, and r x and r y are the standard deviations of parameters x and y. Figure 3 illustrates the correlation coefficients for GPS satellite 4 (left) and GLONASS satellite 1 (right), based on a 1-day arc (day 121, 2000) . The upper left triangle contains the relevant information, the absolute values of the correlation coefficients. Dark means low correlation (correlation coefficients close to zero), bright means high correlation (absolute value of the correlation coefficients approaching 1). The diagonal elements must be white (because the correlation of a parameter with itself is 1). The lower right black triangles should be ignored (symmetric to the upper triangular part). The correlation diagram for the GPS satellite shows a clear pattern of high correlations between some of the parameters. The following aspects should be noted.
1. There is a high degree of correlation of the geopotential terms J 20 , J 32 , J 40 , J 44 , J 52 , J 60 , and J 64 with the radiation pressure parameters Y 0 , X 0 , D C , and D S . The terms are either zonal terms with even degree (J 20 , J 40 , and J 60 ) or resonant terms (J 32 , J 44 , J 52 , and J 64 ). 2. There is a high degree of correlation between various geopotential parameters. As expected, all geopoten-tial parameters highly correlated with the radiation pressure parameters also show correlations between themselves. 3. Correlations are also clearly visible for the so-called lumped coefficients (Gooding 1971). As an example, the correlation of J 22 with J 42 and J 62 , clearly visible in Fig. 3 for GPS satellite 4, may be studied.
It is interesting to note that the corresponding correlation matrix of a GLONASS satellite does not reveal similar patterns.
Estimated parameters

Proof of concept
In this section we prove that it is possible to estimate geopotential parameters with the method proposed in this paper. We re-computed the input orbits of the GPS satellites for a time span of 9 days (days 116-124, 2002) , introducing biased a priori information for the geopotential. The test was performed for resonant terms (S 32 and C 32 ) and non-resonant terms (S 33 and C 33 ). The following biases were applied to the JGM-3 a priori gravity model.
1. S 32 changed from À619 Á 10 À9 to À630 Á 10 À9 . 2. C 32 changed from 905 Á 10 À9 to 890 Á 10 À9 . 3. S 33 changed from 1414 Á 10 À9 to 1400 Á 10 À9 . 4. C 33 changed from 721 Á 10 À9 to 700 Á 10 À9 .
The 1-day orbits were generated using a very similar processing scheme as used for the generation of CODE's IGS rapid products (see Springer 2000; Schaer 1999 ). In a second step, these GPS orbits were used as input orbits for fitting 1-to 9-day arcs and estimating the values for the geopotential parameters which were biased in the input orbits. The goal was to check whether the estimated parameters stay close to the biased a priori Five GPS satellites were excluded from the combination, namely the satellites 2, 14, 17, and 21, because at least 1 day of the 9-day time interval is missing in CO-DE's orbit products. Satellite 29 was left out because its orbit fit on the long-arc level yielded an RMS five times higher than that of the other satellites. Figure 4 shows the combined estimates based on GPS orbits for the resonant terms S 32 and C 32 (left) and the non-resonant terms S 33 and C 33 (right). The estimates are shown as a function of the arc length (1-to 9-day arcs). In addition, the horizontal lines on the plots represent the biased a priori information (lower line) and the correct JGM-3 value (upper line), respectively.
When inspecting the results based on the 1-day arcs, we recognize that-as anticipated-the estimates of all four parameters are very close to the biased a priori information (À630:0 Á 10 À9 for S 32 , 889:6 Á 10 À9 for C 32 , 1399:9 Á 10 À9 for S 33 , and 699:9 Á 10 À9 for C 33 ).
If we extend the length of the orbital arcs, the estimates show a different behavior for the resonant terms and the non-resonant terms. In the case of the resonant terms, the estimates are moving towards the JGM-3 value. The differences at the 9-day level are, however, quite large (7:5 Á 10 À9 for S 32 and À1:6 Á 10 À9 for C 32 ). If we started the same procedure from a different day, the resulting graphs might look quite different. The reason is that we used only GPS orbits, which do not allow the appropriate de-correlation of the estimates of the S 32 and C 32 terms and the radiation pressure parameters. The additional use of GLONASS satellites will considerably improve the results for these parameters (see Sect. 4).
For the non-resonant terms C 33 and S 33 we observe a different behavior: as soon as we extend the orbital arc length to 2 days a very clear movement towards the JGM-3 value is observed. The estimated values jump from 1399:93 Á 10 À9 to 1414:45 Á 10 À9 for the S 33 term and from 699:94 Á 10 À9 to 720:72 Á 10 À9 for the C 33 term.
The estimated values stay close to the JGM-3 value for all longer arc lengths. For the 9-day arcs, the differences with respect to the JGM-3 values amount to 0:001 Á 10 À9 (S 33 ) and 0:198 Á 10 À9 (C 33 ) with corresponding formal errors of 0:050 Á 10 À9 . These small differences-even if we drastically bias the a priori information by about 15 Á 10 À9 for S 33 and 21 Á 10 À9 for C 33 -are a clear indicator that it is possible to estimate geopotential parameters by the proposed method.
Results
Using the unbiased JGM-3 model as a priori information, we compare the estimates of a non-resonant geopotential term with the estimates of a resonant term. We select the sine term of degree and order 3 as an example of a non-resonant term and the sine term of degree and order 4 as an example of a resonant term. Figure 5 shows the estimates of S 33 (left) and S 44 (right). The results are based on 1-day arcs of day 121 of the year 2000 (top) and on 7-day arcs of days 121-127 of the year 2000 (bottom). The estimated values are given for each individual satellite together with the associated formal error (GPS satellites on the left, GLONASS satellites on the right).
In the case of the non-resonant term (S 33 ), the scatter of the estimates is a bit smaller for the GLONASS satellites than for the GPS satellites, but all in all comparable for both the 1-day and the 7-day arcs. The noise around the mean value and the formal accuracy is improved when extending the arc length to 7 days. We observe a totally different behavior for the resonant term: the scatter of the estimates based on the GPS orbits is not significantly improved by extending the arc length from 1 to 7 days. The scatter of the estimates based on the GLONASS satellites, however, is reduced by a factor of three when switching to 7-day arcs and is nine times lower compared to GPS. This is even more remarkable considering the Fig. 4 . Estimates of geopotential parameters based on 1-to 9-day fits through GPS input orbits generated with biased a priori gravity model. Resonant terms of degree 3 and order 2 (left) and non-resonant terms of degree and order 3 (right). Sine terms (top) and cosine terms (bottom) lower quality of the GLONASS orbits compared to the GPS orbits. The same reasons as those provided in Sect. 4.1 may explain this finding.
A summary of the results which are obtained when estimating the geopotential parameters up to degree and order 4 using GPS and GLONASS orbits of one week may be found in Table 2 . Table 2 contains the JGM-3 a priori model with formal errors, and the difference of the estimated parameters with respect to JGM-3 together with the corresponding formal errors. Estimated parameters and formal errors are shown in the cases of using all satellites, GPS satellites only, and GLONASS satellites only. The results stem from a solution using orbital arcs covering the period days 121-127, 2000. When comparing the results, it is important to keep in mind that only seven GLONASS satellites, in contrast to 24 GPS satellites, were used for the generation of the results. Thus, the formal error of the combined GLONASS solution is intrinsically a factor of two larger compared to that of GPS. The following outcomes of Table 2 should be noted.
1. The estimated differences to the JGM-3 model range from À1:9 Á 10 À9 to 0:9 Á 10 À9 for the sine terms and from À3:5 Á 10 À9 to 25:8 Á 10 À9 for the cosine term. The biggest differences are obtained for the terms C 30 (25:8 Á 10 À9 ), C 40 (16:4 Á 10 À9 ), and C 42 (17:2 Á 10 À9 ). These parameters show an increased formal error with respect to the other parameters as well. 2. The RMS of the estimated parameters ranges from 0:02 Á 10 À9 for J 21 and J 22 to 0:75 Á 10 À9 for C 30 when using all satellites. The values might be too optimistic for some of the parameters. The differences of the estimated parameters to the JGM-3 model and the repeatabilities from one week to another support this statement. The formal errors are, however, well suited for comparing the relative sensitivity of the GPS and GLONASS orbits to individual geopotential parameters. 3. If we compare the RMS of the combined GPS results with that of the combined GLONASS results, we note that for all resonant terms (J 22 , J 32 , J 42 , and J 44 ) the RMS is a factor of 5 to 10 smaller for the GLONASS satellites. This is remarkable when taking into account the significantly smaller number of active GLONASS satellites compared to those of GPS. Again, we find a better sensitivity of GLONASS orbits when estimating resonant geopotential terms. For the non-resonant terms the RMS of the estimates derived by GLONASS is two to three times higher, which corresponds to the ratio between the numbers of GPS and GLONASS satellites.
The above results are not the 'final results', as they are based on 1 week of data. A significant improvement would be expected when a long time series of weekly solutions was computed and stacked. The availability of such a time series of weekly solutions would furthermore allow us to analyze the behavior of the estimates over longer time periods and to study, for example, the impact of a changing elevation of the Sun over the orbital planes.
Conclusions
The results presented here indicate the feasibility of determining resonant geopotential coefficients using precise GPS and GLONASS satellite orbits. This feasibility is demonstrated by changing the a priori geopotential information used for the generation of the input orbits, and then estimating the corresponding potential coefficients using these biased orbits. The estimation of the resonant geopotential terms is, in the case of GPS, hindered by correlations with the simultaneously estimated radiation pressure parameters. This behavior was not initially expected. It was, on the contrary, assumed that the resonant parameters could be determined with a high accuracy using precise GPS orbits thanks to their commensurability with the Earth's rotation. GLONASS satellites, however, show a better RMS for these parameters. The effects of radiation pressure and resonance are de-correlated for arc lengths of several days. According to the formal errors, which are between 5 and 10 times smaller for the GLONASSbased estimates of the resonant parameters, the satelliteto-satellite repeatability is about 10 times better in the GLONASS case (shown for the J 44 term).
The results improve with increased arc lengths, as long as the overall orbit model is adequate. For arc lengths of up to 9 days, orbit modeling did not pose serious problems. For most satellites, the orbit fits have RMS values below 5 cm for the GPS satellites and below 10 cm for the GLONASS satellites.
The method described in this paper is of course not the optimal method for estimating geopotential parameters. However, it allows an investigation of the sensitivity of the GPS and GLONASS orbits with respect to the low-order potential terms. A preferable approach would be to directly set up these parameters in the general parameter estimation procedure based on the original GPS and GLONASS observables. Constraining the parameters to the JGM-3 a priori model for the official IGS products, but saving the parameters at the normal equation level, would make it possible to estimate and combine the values in a subsequent step by removing the constraints. Furthermore, the analysis of the resulting time series with regard to a changing satellite constellation and other seasonal effects would be very interesting.
